Introduction
Let c be a natural number and d an integer prime to c. The classical Dedekind sums [3] studied the mean value distribution of S(d, c), and proved the following important and interesting asymptotic formula:
where
ζ(s) being the Riemann zeta-function. Jia Chaohua [4] improved the error term in (3) to O c 2m−1 provided m 2. Zhang Wenpeng [7] improved the error term of (3) for m = 1, and proved the asymptotic formula
where p α c denotes that p α | c and p α+1 ∤ c.
In this paper we find that there are some close relationships between S 1 (d, c) and the Kloosterman sums S(m, n; c), which are defined as follows:
S(m, n; c) = (mod c). In fact, for any positive integer k and some special integers c, we can use the estimates for character sums and the mean value theorem of Dirichlet L-functions to get some interesting hybrid mean value formulae and identities for
We will prove the following several assertions: Theorem 1. Let p be a prime with p ≡ 1 (mod 4), then for any fixed positive integer k we have the identities
where ( a p ) is the Legendre symbol.
Theorem 2. Let p be a prime with p ≡ 3 (mod 4), then for any fixed positive integer k we have the identities
It is clear that from our theorems we can establish an asymptotic formula for (2). Especially for k = 1, we have: Corollary 1. Let p be a prime, then we have the asymptotic formula
where exp(y) = e y .
Corollary 2. Let p be a prime with p ≡ 3 mod 4, then we have the identity
where χ 2 2p denotes the product of the Legendre symbol and the principal character λ 2 mod 2.
Some lemmas
In this section, we give some lemmas which are necessary in the proof of our theorems. Lemma 1. Let q > 2 be an integer, then for any integer a with (a, q) = 1 we have the identity S(a, q) = 1
where ϕ(q) is the Euler function, Lemma 2. Let p be an odd prime, then we have the identity
Lemma 3. Let k > 0 and (h, k) = 1. Then we have the identity
P r o o f. This formula is an immediate consequence of (5.9) and (5.10) in [6] .
Lemma 4. Let p be an odd prime, then for any integer h with (h, p) = 1 we have the identity
where λ 2 denotes the principal character mod 2.
P r o o f. It is clear that the divisors of 2p are 1, 2, p and 2p. So from Lemma 1, Lemma 3 and the fact that for any character χ mod p, χ(h + p) = χ(h), we have
Lemma 5. Let p be an odd prime, χ any non-real character modulo p, then we have the identities
where ( On the other hand, since χ is a non-real character modulo p, so χ 2 = χ 0 p , the principal character modulo p. Therefore, from the properties of the Gauss sums we also have
χ ((a + 1)(a + 1)) .
Combining (6) and (7) we immediately deduce the identity
.
This proves Lemma 5.
Proof of the theorems
In this section we shall complete the proof of our theorems. First we prove Theorem 1. Note that if χ 1 , χ 2 , . . ., χ 2k−1 are any 2k − 1 odd characters mod p, then χ 1 χ 2 . . . χ 2k−1 is an odd character mod p. And if p ≡ 1 mod 4, then χ 1 χ 2 . . . χ 2k−1 is not a real character mod p. So from Lemma 2, Lemma 4 and Lemma 5 we have
This proves the first formula of Theorem 1.
If χ 1 , χ 2 , . . . , χ 2k are any 2k odd characters mod p, then χ 1 χ 2 . . . χ 2k is an even character mod p. So if χ 1 χ 2 . . . χ 2k is a real character mod p, then it must be the principal character or the Legendre symbol mod p. Let χ 2 p denote the Legendre symbol, then from Lemma 2, Lemma 4 and Lemma 5 we have
is not a real non-principal character mod p. So by the method of proving the second formula of Theorem 1 we can easily deduce that This proves the first formula of Theorem 2. Similarly, we can deduce the second formula of Theorem 2. Note that by virtue of the asymptotic formula (see [9] ) This completes the proof of our theorems.
